5. MATRICES AND
DETERMINANTS

85.1. Matrices

The previous three chapters gave a strong
geometric motivation for studying matrices and
determinants up to dimension 3. But matrices are an
important tool in many non-geometric areas. While a
knowledge of the previous chapters may be useful they
are not necessary. You can begin with this chapter.

Often data is best arranged in a table of rows and
columns. Such a table can be considered as a single
mathematical object, called a matrix (plural ‘matrices’).
An m x n matrix is a rectangular array of numbers
arranged in m rows and n columns. The numbers can
come from any field, such as the field of real numbers or
the field of complex numbers. The entries in the table are
called the components of the matrix.

We use a double suffix notation to represent the
components, with the first suffix representing the row and
the second representing the column. So, for example, we
might denote the i-j component (i’th row, j’th column) by
aij. Usually we leave out the comma and write the entry
in the second row and third column as ay. With larger
matrices there’s possible confusion with this system — is
azo3 the entry in the 12" row and 3" column or the one in
the 15 row and 23" column? In such cases we’d need to
reinstate the comma.
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So a typical m x n matrix would look like this:

di1 a2 ... ain
A= doq d ... don
am]_ am2 ...... amn

If m = n we call A a square matrix. A useful
shorthand is to write A = (aijj). So the 12 x 12 matrix (aij),

where ajj is i times j, is simply the standard multiplication
table.

1

5167189101112

2
416 |8(10(12|14|16|18|20|22|24
6|9 |12|15(18|21(24|27|30|33]|36
8 112|16|20|24(28|32(36|40 |44 |48
101512012530 |35(40(45|50|55]|60
1218241303642 |48(54|60|66]|72
2128 |35(42)149(56|63|70|77 |84
1624132140148 |56 |64 (72]|80|88]|96
1827136 |45|54|63(72|81]|90|99|108
20130(40(50|60|70|80|90(100|110|120
132
144

=
Dlelo|lo|N[o|un|s|w]n
—
N

2213344 (55|66 |77|88|99|110|( 121
36|48 |60 (72|84 |96|108|120 132

'—l
N
N
N
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If A is an m x n matrix and we swap rows and
columns we get an n x m matrix called the transpose of
A. We write this as AT and we can write AT = (a;),
meaning that the i-j component is now a;i, the component
that was in the j-i position.

di1 21 ...... dm1

di2 a2 ... dm2
In other words AT = m

a]_n a2n ...... amn

Clearly AT = A, If AT = A, as in the multiplication table,
we say that A is a symmetric matrix. It is symmetric
about the diagonal that goes from top left to bottom right
corners. (The other diagonal has no significance for
matrices, so when we say the diagonal you know which
one we mean.)

123 L4
Example 1: IfA:( j then AT={25],
456 36

The trace of a square matrix is the sum of the
diagonal components. If A = (a;) is an n x n matrix then
trA = a;; + ax + ... + ann. (I suppose there’s no reason
why trace can’t be defined for non-square matrices. It’s
just that it doesn’t seem to be a useful concept unless the
matrix is square.)
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123

Example 2: IfA=(456) thentrA=1+5+9=15,
789

A diagonal matrix is a square matrix where every
component that lies off the diagonal is zero. It has the
form:

di1 0 ... 0
0 doo ... 0
0 0 ...... ann

A scalar matrix is a diagonal matrix where all the
diagonal components are equal.
It has the form:

X 0 ... 0
0 X e 0
0 0 ...... X
The special cases of scalar matrices are:

0 0 .. 0
0 0 .. 0

0= and
0 0 ...... 0
1 0 ... 0

| = 0 1 ... 0
0 0 ...... 1



X1

: : : X2
A column vector is an m x 1 matrix writtenasv =|

It is customary to print vectors in bold type to distinguish
them from scalars (ordinary field elements). A row
vector is a1 x n matrix v = (X1, X, ... , Xn).

Note that matrices in general can be considered to
be row or column vectors if we allow their components to
be the columns, or rows, respectively. So we could write
an m x n matrix as A = (cs, Ca, ..., Cn). This would mean
that the columns of A are the ci.

C1T
.
Then AT would be the column vector

Cn'
I

) r
Or we could write A = where the rj are the rows.

r

In that case AT = (r1", 127, ..., rm"). Never mind that we
said that the components of a matrix are supposed to come
from a field. We can break this rule sometimes, but don’t
expect all the theory of matrices over a field to apply if
the components are vectors!
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12
Example 3: If A = (4 5 2) then A = (u, v, w) where

ol

j wherea=(1,2,3)and b = (4, 5, 6).

Also A = (b

Addition of matrices is defined in the obvious way.
If A = (ajj) and B = (bjj) are two m x n matrices then:
A + B is the m x n matrix (aij + bij).

That is, we simply add corresponding components.
Addition is clearly associative and commutative. The

zero matrix O is the identity and —A, meaning (—aij), is the
additive inverse of A.

123 234
Example 4: If A = [45 6) and B :[56 7) then

35 7 -1-2-3 )
A+B=(91113j,—A=( JandB—A,meanlng

—4 -5 -6
111
B+ (—A), is(lllj'

Note that it’s not possible to add two matrices with
different dimensions. So in example 1 we can’t add A to
AT,
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Multiplication by a scalar is equally obvious. If A
Is an element of whatever field we’re working with and A
= (aij) then LA = (Aaijj). We just multiply each component
by the scalar. Clearly every scalar matrix has the form Al
for some A.

123 24 6
Example 5: A = [4 5 6) then 2A = [8 10 le :

Addition and scalar multiplication interact with
transpose and trace in a natural way.
(A+B)'=AT+BT;
(LA)T = AAT;
tr(A + B) = trA + trB and
tr(LA) = AtrA.

85.2. Matrix Multiplication

By contrast, matrix multiplication is far less
obvious. If A = (ajj) is an m x n matrix and B = (bjj) is an
n x r matrix then AB = C = (cij) where

n
Cij = Z aijkbkj foreachii, j.
k=1

The easiest way to remember this is as follows: to
get the i-j component of the product we go along the i’th
row of A and down the j’th column of B, multiplying
corresponding components and adding these products.
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That’s why it’s important for the number of columns in
the first factor to be the same as the number of rows in the
second — so that we don’t run out of one lot of factors
before we’ve finished with the other.

B

1,2 |::|1.3

o

o
[
[¥]

o
[
W

R

o

¥
Ol

83, |‘33.2 e ——— o

In the following theorems we assume that the matrices
have compatible sizes for the products to be defined.

Theorem 1 (Associative Law): (AB)C = A(BC).
Proof: Let AB =M and let BC = N.
The i-j component of (AB)C = MC is

2 Mikekj =X [ZaitCtk]ij =2, 2 aitbtkCk;.
K k Ut k t
The i-j component of A(BC) = AN is
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D aithg = D _ait [thkaj]ij =>. 2. aithtkCkj.
t t k t k

These are equal since the order of summation may be

interchanged.

Example 6: IfA = [1 2 3), B
456

|
7~ N\

24
(6 8) find, where possible:

(i) A + B; (ii) B+ BT; (iii) 2A;
(iv) AB; (V) BA; (vi) AC;
(vii) CA; (viii) A% (ix) B?; (x) AATC.

Solution: (i) undefined;

987 963 1814 10
(i)B+B™=|654 852 1410 6 |;
321 065 2
2
(iii) 2A:(81012)
123 98 3024 18
(V) AB:(456) gg 4 (84 69 54)

(v) undefined;
(vi) undefined;

(24)(123) (182430
(vii) CA_(68)(456j (385248)

(viii) undefined;
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987\ (987\ (150126102
(ix)B2=|654||654|=| 96 81 66 |:
321/\32 42 36 30

14
0li33) (2239 -GG - ()

Theorem 2 (Distributive Laws):
AB+C)=AB+ACand (A+B)C=AC +BC.
Proof: The i-] component of A(B + C) is

Zaik(bkj + Ckj) = Zaikbkj + Zaikaj
k k K
which is the i-j component of AB + AC.

Similarly we can prove that (A + B)C = AC + BC for all
matrices A, B, C of compatible sizes.

Theorem 3: (AB)" =BTAT.
Proof: The i-j component of (AB)T is the j-i component
of AB = Zajkbki = Zbkiajk

K k

= > (i-k component of BT)(k-j component of AT)
k
= i-j component of BTAT.
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Theorem 4: tr(AB) = tr(BA).

Proof: tr(AB) = >, Zaikbki]
I Lk
=2 [ZaikbkiJ
k Ui
=2 [ZbkiaikJ
k Ui
= > (k-k component of BA) )

k
= tr(BA).

NOTE: It is not the case that tr(AB) = trA.trB.

As we saw with 2 x 2 matrices matrix multiplication does
not behave as nicely as multiplication in a field. The
commutative law fails and it is possible for the product of
two non-zero matrices to be zero.

A square matrix A is invertible (or ‘non-singular’) if it
has an inverse under multiplication. The inverse B has to
be 2-sided, meaning that not only is AB = | but BA = 1.
Some matrices have left inverses but no right inverse, or
vice versa. But if a matrix has both a left and a right
inverse they are equal.
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Theorem 5: If A is invertible the inverse is unique.
Proof: Suppose B; and B, are inverses for A.
Then B; = B1(ABy) = (B:A)B; = B,.

You can see how it is important for the inverse to work
on both sides. Matrices with one-sided inverses can have
more than one.

10 10
Example 7: Since [(1) 2 é) (0 1) = (é (D for all x, (0 1}

00 00
has infinitely many left inverses. It must therefore have
no right inverses.

Theorem 6: If A, B are invertible then so is AB and
(AB)1=BA"

Proof: (AB)(B*A™1) = A(BB1H)A1=AAL

Similarly (B*A1)(AB) = 1.

85.3. Determinants

The determinant of a square matrix is a number
that, among other things, determines whether or not the
matrix is invertible. We define it inductively by defining
n x n determinants in terms of certain (n-1) x (n-1)
determinants obtained by deleting a row and a column.
We denote the determinant of A by |A|, but if we’re
listing the components of the matrix we omit the matrix

.12, 12
parentheses. So we write ‘3 4) instead of 1(3 4)‘ :
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We define 8;(A) to be the matrix obtained from A

by deleting the i’th row and the j’th column. Of course
this won’t work if we’re trying to define the determinant
of 1 x 1 matrices, but there we define the determinant to
be the only component that the matrix has. So we define
|(2)| = a. Do not confuse this with absolute value.

If n>2and A is an n x n matrix we define

_ 14 st
INEDY S ETHINE
]
We call this expansion the First Order expansion. It’s

obvious from the definition that if the 1 row is zero the
determinant is zero.

Of course we want this definition to agree with the
one we gave in earlier chapters for 2 x 2 and 3 x 3
matrices. Let’s check that.

For 2 x 2 determinants we have
ab
‘c d| = (@] - bi(c)| = ad - be.

For 3 x 3 determinants

dip di2 d13
_ dzz A3 dz1 23 dz1 22
dp1 dp2 d23| = ap —a ais .
dsz2 ds3 ds1 ds33 ds1 d32
dsz1 d32 ds3
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The determinant of a diagonal matrix is clearly the
product of the diagonal components. This is because only
the first term in the first order expansion is non-zero. For
other determinants the amount of work can be
considerable. Just imagine working out a 10 x 10
determinant. This involves ten 9 x 9 determinants, each
requiring nine 8 x 8 determinants, and so on. An analysis
of the process shows that there will be over 6 million
multiplications!

Example 8:
iigg 123 423 413
3212| = 412 -2|312| +3(342
2341 341 241 231
412
-41341
234
123
12 42 41
Now |412 :‘ —2' +3
341 41 31 34
=(1-8)-2(4-6)+3(16-3)=-7+4+ 39 = 36.
423
12 32 31
312 :4} —2{ +3
241 41 21 24

=4(1-8)-2(3-4)+3(12-2)=-28+2+30=4
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413

42| |32 34
342| =425 - +3}
531 31| 21 23
=4(4-6)-(3-4)+3(9-8)=-8+1+3=—4.
412
41| |31 34
341| =427 - +2}
524 34| |24 23

= 4(16-3) - (12-2)+2(9—8)=52—10 + 2 = 44.

Hence the final answer is 36 —2(4) + 3(-4) — 4(44)
=36-8-12-176=-160.

It’s clear that working out determinants can be very
labour intensive, and prone to error. However there are
several tricks and shortcuts. This is particularly so when
the matrix has a certain pattern. Let me let you into a
secret. With the above example you’ll notice that it
follows a very simple pattern — each row changes to the
next by moving to the right, with the end components
coming back to the left. Because of this | could work out
this determinant quite quickly. (You’ll be able to do this
later.) Then I worked it out the long way, and kept making
silly arithmetic mistakes for a little while. Luckily | knew
in advance what it should be!

We now develop a number of very nice properties
of determinants, properties that can make it a lot easier to
evaluate a determinant. To assist us in proving these we
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introduce a notation for the matrix you get by deleting two
rows and two columns. This leads to another formula for
a determinant. This can often reduce the amount of
computation in working out a determinant, but it’s main
use is in proving the properties.

If A is a square matrix then S?E(A) Is the matrix
obtained from A by deleting rows s, t and columns i, j.

Theorem 7 (Second Order Expansion):

Al = 1)L ali aij 812 A
A=z o e
Proof: |A|= 3 (-1)** IS}(A)D =
i<j
Y (DM LD a0 5] (A)

j i<]
i 12
+ Y (1) aa 57 (A)]
I>]
(when i > j the j’th row being deleted moves the i’th row
up one place)
i+] 12
= ¥ ()" agjazi(s; (A)
I <]
T+ 12
+ 2 ()7 aniagj |87 (A)l
> ]
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(the dummy variables i, j were interchanged in the 2"
sum)

azj dij
dzj dyj

=3 (DS AN

I<]

OoON
I
w

I

N
oo 0ol

= W

Example 9: Evaluate the determinant

anNn B~ Oo

(i) by the first order expansion;
(i) by the second order expansion.

Solution:
6 2 —33 05

1 =6|-46
0

1

45 3
—2126 1
50-4

405
+3|2-46
510

46| |61 2 1 ‘26‘
+18‘ 10 ‘8‘0—4 +10‘5—4 650
41| |24 46| . _[2-4
+4‘ ) _4‘+3‘5 1’ +12' 4 +15‘5 1‘

= (-30)(15) + (18)(-6) — (8)(=24) + (10)(-13) — (6)(-30)
+ (4)(15) + (3)(22) + (12)(-6) + (15)(22)
= 68.

1
|405
W12 46
51 0-4
40
+ |24
51 -4

3
1
4
3
1

41
1 -4

= —30‘
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62 1-3
. 14053
1o 461

510-4
_‘62 61 ‘61} ’—41‘ '6—3‘ ‘—46
=140/ '|o-4] ~la5/|1 -4 Tla3|l10
.\ 21| |2 1‘_ 2-3 ‘26}+‘1—3' ‘2—4
05/°|5-4/ |0 3|50/ "|53|51

= (-8)(-24) - (26)(15) + (30)(-6) + (10)(-13)
- (6)(=30) + (18)(22)
= 68.

For a 3 x 3 determinant the Second Order
Expansion actually requires more work so you would
only use it for 4 x 4 determinants and above. For a 10 x
10 determinant the Second Order Expansion requires just
over 600,000 multiplications compared with the First
Order Expansion which takes over 6 million. However in
practice one uses neither. There are far more efficient
techniques. But to develop these techniques we need to
know certain properties of determinants, and these require
both the First and Second Order Expansions to prove.

Theorem 8: Interchanging rows i and j of a determinant
changes its sign.

Proof: Suppose we have an n x n determinant. We prove
the theorem by induction on n.

It’s clearly true if n = 2. Suppose n > 3 and suppose j > i.

180



Case I: i > 2: This follows by induction from the 1 Order
Expansion (the definition of determinants).

Case ll:i=1, j=2: This follows from the 2 x 2 case and
the 2" Order Expansion.
Case Ill:i =1, j > 2: We can swap the 1% and j’th rows

by swapping the 1%t and 2", then the 2" and j’th and
finally swapping the 1% and 2" again.

Ri Rz R: R;

R:—>Ri— Rj > R:.

RRk R R R;
Each swap changes the sign and three changes of sign are
equivalent to one change of sign.
Corollary: If a matrix has a row of zeros its determinant
IS zero.
Proof: Just swap that row with the first.

1234 1234
) 4123 2342
Example 10: Since 3412 =-160, 3412 =160.
2341 4123
(Rz(—)R4)

Theorem 9: Multiplying (dividing) row i by A multiplies
(divides) the determinant by A.

Proof: Suppose we have an n x n determinant. We prove
the theorem by induction on n.

It’s clearly true if n = 1. Suppose n > 2.

Case I: i = 1: This follows directly from the 1% order
expansion.
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Case I1:i>2: This follows by induction from the 1% order
expansion.

Theorem 10: Adding (subtracting) A times the j’th row to
(from) the i’th does not change the determinant.

Proof: Suppose we have an n x n determinant. We prove
the theorem by induction on n.

It’s clearly true for n = 2. Suppose n > 3.

Case I: j > i > 2: This follows by induction from the 1%
Order expansion (the definition of determinants).

Case Il:i1=1, j=2: This follows from the 2 x 2 case and
the 2"@ Order Expansion.
Case Ill:i1=1,)>2: We can add A times the j’th row to

the 1% by swapping the 2" and j’th, then adding
(subtracting) A times the new 2" row to (from) the 1% and
then swapping the 2" and j’th rows again.

R, R R1+KRJ' R1+7\,Rj

R->Ri»> R - R

Ri R R R;
Each of the two swaps changes the sign while the middle
operation makes no change.
Corollary: If a matrix has two identical rows (or two
identical columns) its determinant is zero.
Proof: Subtracting one of these two rows from the other
doesn’t change the determinant, yet results in a matrix
with a zero row.
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Example 11:

1234 1234
_|a123] _ 2-2-22| _
Since | 5,1 5| =-160, |3 4 1 5| =—160. (Ro—Ry)
2341 2341

These properties can be wused to simplify
determinants, and so reduce the effort in evaluating them.

1 2 3 4

1002 2003 3004 4002
Example 12: Evaluate 3 4 1 2

4 1 2 3
Solution: Subtracting 1000 times row 1 from row 2,

1 2 3 4 1234
1002 2003 3004 4002| [(2342| _
3 4 1 2 |7 |3412] 7160
4 1 2 3 4123
(from Example 10).
6215
2721
Example 13: Evaluate 35002
6139
6215 6 215
. |2721| |-103 0-9
Solution: 3502|=| 3 502
6139 -12-50-6

(R2 - 2R, and R4 — 3R1)
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Doing a 1% Order Expansion three of the four 3 x 3
determinants are zero because they will have a column of
Zeros.

6215

2721

3502| = (1
6139

-10 3 -9
3 5 2
-12-5-6

-10 3 -9
= 3 5 2
-12-5-6
-10 3 -9
=| 23 -122| (R.-2R))
-12-5-6
23 -122
=|-10 3 -9 (R1<—>R2)
-12-5-6
23 -1 22
=| 59 0 47
-127 0 -116
(R2 + 3R; and R3 — 5R1)
Expanding we note that 2 of the 3 2x2 determinants will
have a column of zeros, and so be a zero determinant.

So

6215
2721 _’59 47

Hence | 3502 = |_127 116
6139

= —(59)(116) + (127)(47) = — 875,
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85.4. The Vandermonde Determinant
An important special case of a determinant is one
of the form

X1 X12 Xln

2 n
X2 Xo© ... X2
Xn Xn? ... Xn"

It is called a Vandermonde determinant and is denoted

by V(X1, X2, .., Xn).
The Vandermonde determinant is actually a

polynomial in the n commuting variables xi, X, ..., Xn.
The total degree (that is, the sum of the degrees in each of
the variables) isclearly 1 +2 + ... +n=%n(n + 1).

Theorem 11:
V (X1, X2, ..., Xn) = H(Xj — Xi) X1X2...Xn,
i<j
Where the product is over all pairs (i, j) with i <.

Proof: If xj = xj, for i <j, then V(xy, X2, ..., Xn) = 0 because
it will have two equal rows.

Hence xi — x; is a factor of V(xy, X2, ..., Xn) for all i <}j.
Also, if any of the xj is zero then V(xy, Xz, ..., Xn) =0 and

SO X1, Xo, ..., Xn are factors.

There are %2 n(n -1) + n =% n(n + 1) of these factors and
since they’re all coprime as polynomials their product
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must divide V(xi1, X2, ..., Xn). But the total degree of this
product is the same as that of (X, X, ..., Xn) and so
V(X1, X2, ..., Xn) is the product of all the xi — xj (for i <)

times the product of all the x; times a constant C.
Now considering the First Order Expansion, the

coefficient of xixz2...xn" in V(X1, X, ..., Xn) is clearly 1
(coming from the diagonal components).

But the only term in xgxz2...xn" in
H(Xj — Xi) X1X2...X, comes from taking the xj from each
i<j
Xj — Xi and so its coefficient is 1.
Hence C = 1 and the theorem is proved.

Example 14: Evaluate the Vandermonde determinant

24 6 16

39 27 81

416 64 256

525125625
24 6 16
. 139 27 81
Solution: 416 64 256
525125625

=(5-4)0>5-3)(6-2)(4-3)4-2)3-2)

=123121=12
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85.5. Elementary Operations and

Elementary Matrices

We’ve spent some time talking about evaluating
determinants in the most efficient manner. But who wants
to evaluate a determinant? True, 3 x 3 determinants have
a geometric significance, but what about a 10 x 10
determinant?

The answer is that the formula for the
multiplicative inverse of an n x n matrix involves its
determinant (as we saw for n = 2 and 3). And, moreover,
the determinant determines whether or not an inverse
exists. Zero determinant means no inverse. Non-zero
determinant means there is an inverse. In order to prove
this, and to derive the formula for the inverse, we need to
discuss elementary row and column operations. These
operations are not only a useful tool in proving things.
They’re a fundamental tool for doing lots of useful things
with matrices — and they’re especially relevant to the
systematic solution of systems of linear equations. This is
an extremely important application of matrices and we
will devote the whole of the next chapter to this
application.

There are five types of operations on the rows of a
matrix that are particularly useful. They are called the
elementary row operations. We denote the i’th row by
Ri.
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ELEMENTARY ROW OPERATIONS

Ri< R; |swaprowsi, ] (wherei#j)

Ri x k multiply row i by k (where k = 0)

Ri + k divide row i by k (where k # 0)

Ri—kR; |subtract k times row j from row i (where
E))

Ri + kR; | add k times row j to row i (where i # j)

NOTES:
(1) In fact there are really only three different types since
Ri + k is the same as R; x (1/k) and
Ri — kR is the same as R; + (—K)R;.
(2) With R; — kR; and R; + kR; only R; changes.
Row j is not multiplied by k.
(3) Ri + R;j looks symmetric in i, j but in fact it is R; that
gets added to R; not the other way round.
(4) Each of the elementary row operations is reversible,
and the inverse operation is also an elementary row
operation. For example to reverse the operation of
multiplying a row by k you simply divide it by k. And to
reverse R; — kR; you perform R; + kR;.
(5) Ri x 0 is not an elementary row operation because it’s
not reversible.
(6) The row numbering refers to the current position, not
the original position.
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(7) We can rearrange the rows in any way by a sequence
of row swaps. For example, to take the top row of a m x
n matrix to the bottom and move every other row up you

can perform:
R1 < Rz, R2 4 R3, Rm_l < Rm.

R1

. .. |R
For example if the matrix is Ri , Where the R; represent

four rows in terms of their original positions, the matrix
changes as follows when the operations

Rl(—) Rz, Rz(—) Rg, Rg(—) R4

are carried out:

R1 Rz R2 RZ
R R: R R3
R3 —> R3 - Ry - Ry |

R R R Ry
ELEMENTARY COLUMN OPERATIONS
Cieo C; |swapcolumnsi,j (wherei #j)
CixKk multiply column i by k (where k # 0)
Ci+k divide column i by k (where k = 0)
Ci—kC; |subtract k times column j from column i
(where i #)
Ci + kC; | add k times row j to row i (where i # j)

The remarks about the elementary row operations
apply to the elementary column operations, with this
additional comment. You cannot mix rows and columns
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in the one operation. For example R; <> Cj and R; — kC;
are not elementary operations.

We’ve seen some of these ten operations in the
context of determinants. Carrying out an elementary row
or column operation on a square matrix changes its
determinant in a very simple way.

Elementary Effect on the determinant
operation

Ri <> Rj or C; <> C; | changes the sign

Ri x kor Cj x k multiplies the determinant by k

Ri~korCi+k divides the determinant by k
Ri + kR;j or C; + kR;j | no change
Ri — kR; or C; — kR; | no change

Example 15: Use elementary row operations to simplify
the determinant

1000 2000 3000 4000
2001 40002 6003 8004
3005 6006 9007 12008
4009 8010 12011 16012
Solution: The answer is

1000 2000 3000 4000
1 2 3 4
c 6 7 g |(R-2R,Rs-3,R—4R

9 10 11 12
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12 3 4
12 3 4

= 1000 56 7 8 (R1 +1000)
9101112
0000
12 3 4

= 1000 56 7 8 (R1—Ry)
9101112

=0.

Each of the ten elementary row and column
operations can be achieved by multiplying by a suitable
matrix. For the row operations we must pre-multiply, that
is, multiply on the left. For column operations we must
post-multiply, that is, multiply on the right. The matrices
that do the job are called elementary matrices. We
denote the elementary matrix that corresponds to a given
operation by enclosing the symbol for that operation in
square brackets.

The elementary matrices are as follows:
[Ri <> Rj] = [Ci w4 Cj];

[Ri + kRj] = [C;j + kCi];

[Ri — kRi] = [C; — kCi];

[Ri x k] =[Ci x k] (for k #0).

[Ri+ k] =[Ci+ K] (for k= 0).
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This isn’t to say that R; <> R; is the same operation
as Ci & C;. However the same matrix achieves the row
swap if it comes before the matrix and swaps the columns
if it comes after. Notice the subtle change in the second
case. Pre-multiplying by [Ri — kR;] changes row i but post-
multiplying changes row j.

Now these elementary matrices are easy to write
down. We simply carry out the operation on the identity
matrix and we have the corresponding elementary matrix.

Theorem 12: The determinants of the elementary
matrices are as follows:

Elementary Matrix | Determinant
Ri <> Rj -1

R; x k k

Ri ~k 1/|(

Ri + kR; 1

Ri — kR; 1

Proof: Simply apply theorems 8-10 to the identity matrix.

Example 16: Find the elementary 3 x 3 matrices
[R1 & R3], [Rs — kR1] and [Rz x K].

010 100
Solution: [Ry <> R,]=[100|,[Rs—kR;] =] 010

001 -k O
100
and[szk]z(Ok(!)j.
00
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010\ /an ar ais az1 Az Az3
Note that (1 0 (‘)j (3-21 a2 323) = (211 a2 ali’j and
00 a31 a3 a3 31 832 83
apappas) /010 di2 i1 a3
(a21 az azij (1 0 (!Jj = (6122 azn azfj .
dz1 dz2 A3 00 dz» dz1 A3
100 di1 di2 Ai3
Also (0 1 (!)j (6121 a azeJ
-k 0 as1 Az a3
a1 ai ais
= an an a3 ) and
az—kair as—kap as—kai

di1 A2 d13 100 ann—kaiz ap as
dp1 dp2 A3 0 10| =|an—kax ax axs|.

ds1 ds2 As 201 az—kass as; ass

An important family of n x n matrices are the
‘cousins’ of the identity matrix.

For 0 <r <n we define I, to be the diagonal matrix
with the first r components on the diagonal being 1 and

the rest being zero. So In, is, in fact, the identity matrix I.
Also Iy is the zero matrix.

1000

: 0100
Example 17: The 4 x 4 matrix I, = 0000

0000
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Theorem 13: Multiplying an n x n matrix on the left by
Ir (for r < n) makes its determinant zero.

Proof: We prove this by induction on n using the 1% order
expansion.

85.6. Matrix Factorisation

Every positive integer can be factorised uniquely
into primes. Something similar holds for square matrices,
except that the factorisation is far from unique. Mostly
these factors can be elementary matrices but as these are
all invertible and some matrices are not, we need to

supplement them by the I matrices.

A prime matrix is one that is either an elementary
matrix or an Iy matrix.

Theorem 14: Every n x n matrix A can be converted into

an Ir matrix by a sequence of elementary row and column
operations.

Proof: We prove this by induction on n.

If n =1 then A = (a) for some a.

Ifa=0then A=l

If a = 0 then dividing by a converts A to (1) = I..

Suppose that A is n x n where n > 1 and suppose that the

theorem holds for smaller matrices.
If A=0then A =I,.
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Suppose that A has a non-zero component, a. By
swapping rows and swapping columns this can be brought
into the 1-1 position.

By dividing the first row by a this 1-1 component
becomes 1. We then subtract suitable multiples of the first
row to get 0’s underneath this 1. By subtracting suitable
multiples of the first column we can get 0’s to the right of
the 1.

So, by a sequence of elementary row and column

: : 10 :
operations A can be put in the form [O B where B is an

(n—1) x (n—1) matrix.

By induction B can be converted to the I, form by
a sequence of elementary row and column operations.
Although these only operate on B the same operations
applied to the whole n rows and n columns will have an
identical effect because the extra components are 0’s. SO

: : 10
the matrix can be put in the form (0 J: Ir+1 by a

sequence of elementary operations.

Corollary: Every square matrix, A, is a product of prime
matrices.

Proof: Every elementary row operation is equivalent to
pre-multiplying by an elementary matrix and every
elementary column operation is equivalent to post-
multiplying by an elementary matrix.

Hence A = EIF where E and F are products of elementary
matrices.
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NOTE: Unlike many factorisations into primes in
mathematics this factorisation is not unique.

123
Example 18: Factorise (4 5 6) Into prime matrices.
789
Solution: We already have a non-zero component in the
1-1 position and we don’t have to divide to make it 1.
So now apply the following sequence of
elementary row operations: R, — 4R; and R3 —7R;.

12 3
This givesus [ 0-3 —6 |,
0-6-1

12 3
Hence [Rs — 7R1] [R, — 4R;] A = (0 -3 —GJ :

0-6-1
Note that we have reversed the order because we are
multiplying on the left, though since these operations are
independent and could be carried out in either order, it
doesn’t matter.

Now we carry out C, —2C; followed by C; — 3C;. This
merely wipes out the rest of the first row. Thus:
[Rs — 7R1] [R2 — 4R1] A [C; — 2C1] [C5 — 3C4]

10 O
0-6-1
Divide the second row by —3. This gives:

[Rz - (—3)] [Rg — 7R1] [R2 — 4R1] A [C2 — 201] [C3 — 3C1]
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10 O
=01 2 |,
0-6-1

Add 6 times row 2 to row 3. Hence:
[Rg + 6R2] [Rz - (—3)] [R3 — 7R1] [Rz - 4R1] A

100
x [C, —2C4] x [C3—3C4] = (0 1 2) :
000
Finally we subtract 2 times column 2 from column 3.

[R3 + 6R2] [Rz + (—3)] [R3 — 7R1] [Rz — 4R1] A

100
X [Cz - 2C1] [C3 - 3C1] [C3 - 2C2] = (O 1 Oj = l,.
000
Hence
A=[R,- 4R1]_1 [Rs — 7R1]_1[R2 + (—3)]_1[R3 + 6R2]_1 I
X [C3 - ZCZ]_l[Cg - 3C1]_1[C2 - 2C1]_1
= [R1 +4Ry] [R1 + 7R3] [R2 x (=3)] [R2 — 6R3] I
x [C2+ 2C3] [Cy + 3C35] [Cy + 2C7]
which is a product of prime matrices.
NOTE: Remember that [Ri — kRj]™ = [R; + kRj] etc.

Theorem 15: If P isa prime n x n matrix then |PB| = |P|.|B]
for all n x n matrices B.

Proof: If P = [Ri <> Rj] then

IPB| = —B| = (-1)IB| = |[Ri «> Rj]|.|B] = [P|.|B].

Similarly if P = [R; + kRj], [Ri — kRj], [Ri x k] or [Ri + K].
If P =In =1 then |PB| = |B| = |P|.|B.
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If P = I, for r < n then PB has at least one row of zeros at
the bottom and so |PB| =0 = |P|.|B].

Theorem 16: For all n x n matrices, |AB| = |A|.|B].
Proof: Let A =P;P, ... Pywhere each P; is a prime matrix.

Then |AB| = [PsP; ... PkB

= |Py|.|Po|. ... |Pk|.|B|
= |P1P2 Pk||B|
= |Al[B].

Theorem 17: If P is a elementary matrix then |PT| = |P|.
Proof: [Ri <> Rj], [Ri x A], [Ri + A] and I, are symmetric.
[Ri + Kk Rj]T = [Rj £ kRj].

Theorem 18: |[AT| = |A.
Proof: Let A=P;P, ... Pxwhere the P; are prime matrices.
Then |AT| = |PkT|. |P2T|.|P1T|

= |Pk| |P2||P1|
= |P1||P2| |Pk|
= Al

Corollary: Theorems 8, 9 and 10 hold if ‘row’ is replaced
by ‘column’.

Theorem 19 (Expansion along any row):

For any i, |A| = 3 (1) *ai 8, (A)]
k

198



Proof: If i = 1 this is just the definition.
Suppose i > 1.
Let B = [R1 <> R{JA. Expanding |B| along the i’th row, |B|

= - 3 (-1 aufd (A)] = - Al
k

Because of this theorem you can expand along any row,
by multiplying each entry by the determinant obtained by
deleting that row and column. These products are added
and subtracted. The signs alternate. Whether the first sign
Is + or — depends on which row you are using. The signs
follow a chessboard pattern with + in the top left hand
corner:

_+_+.o-.
+— +

I
+
I
+

Similarly one can expand down any column in a similar
way, since transposing leaves a determinant unchanged.

124 6

10083

0 049

Solution: Expanding along the 3" row we get
124

49‘ 100 = (49)(-40) = -1960.

Expanding down the 2" column we get

Example 19: Evaluate
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85.7. Inverse of a Matrix
By theorem 14 every square matrix can be put in the form

A= Eh E1|rF1 Fk.

If r = n we can write A as a product of elementary
matrices so every square matrix is covered by either
Theorem 20 or Theorem 21 as follows.

Theorem 20: Suppose A =P;P, ... Px where each P; is an
elementary matrix.
Then:
(1) |A] = 0;
(2) Ais invertible;
(3) Av =0 implies that v = 0.
Proof: (1) |A| = |Pa|.|P2| ... |Px| and |Pi| = O for each i.
(2) Al= Pk_l. .. P2_1P1_1.
(3) IfAv=0thenv=A"10=0.

Theorem 21: Suppose the n x n matrix A = P;P, ... Pk

where each Pj is a prime matrix and at least one Pj = Iy for
some r <n.
Then:

(1) |Al=0;

(2) there exists v = 0 such that Av = 0;

(3) Ais not invertible.
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Proof:
(1) Since r <n, |If] = 0 and hence:
|A| = |P41|.|P2| ... |Pk| =0.

(2) Let m be the largest value of i such that P; is an Iy
matrix for r <Kk.

So any factor to the right of Pn is an elementary matrix
and so is invertible.

0
Letv=Pk?... Pg+1? 0
1
0
Clearly v = 0. Note that if s =k then v = 0
1
0
Then Av =P;P; ... Pm-1lrPs+1 ... Pk Pkt ... Pm+17? 0
1

0

= P1P2 Pm_1|r O

1
0

=0 since Iy O =0.
1
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(3) Suppose At exists and let m be the smallest value of
| such that Pj is an Iy matrix for r <k.

So any factor to the left of Py is an elementary matrix and
so is invertible.

Then Pm—1t... Pt A =1y Pm+1 ... Pk
Hence Ir(Pm+1 ... Pk A™P; ... Pm-1)

= (I,Pm+1 ... PO(APy ... Pm-1)

= (Pm-1t ... PP A) APy ... Pmo1)
But the last row olf the left hand side is zero, a
contradiction!

We’d now like to be able to write down a formula
for the inverse of an invertible square matrix. One method
involves the use of cofactors.

If A = (ajj) is an n x n matrix we define the i-j
cofactor to be Ajj = (—1)i+j|81!(A)|.

That is, we delete the i’th row and j’th column and
evaluate the (n—1) x (n—1) determinant of what remains.
Then, if i +j is odd, we change the sign.

The adjoint of A is defined to be adj(A) = (Aij)", that is,
the matrix of cofactors transposed. This method is known
as the adjoint method or cofactor method.
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It’s clear that, unless n is quite small, this involves
an enormous amount of computation. For a 100 x 100
matrix we need to evaluate ten thousand 99 x 99
determinants, each of which involves evaluating ninety-
nine 98 x 98 determinants, and so on. The adjoint can be
used to find inverses, but computationally there’s a much
more efficient method that we’ll discuss later. However
the adjoint method does have some theoretical interest.

Theorem 22: A.adj(A) = |A|.l = adj(A).A

Proof: The i-j component of A.adj(A) is ZaikAkj :
k
The i-i component of this product is

S ai (1) 5, (A)] = A
k

If i #j the i-j component is Y ajk (—1)i* |61k(A)| :

k
This is independent of the j’th row. So, if we replace the
j’th row by a second copy of the i’th to obtain B = (bj)
then

S au (- 5 (A = T ax (-1 5(B)
k k

= |B| = O,
since B has two identical rows.

. : 1 .
Corollary: If A is invertible A™ = Al adj(A).
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48 9
Example 20: Find the inverse of A = (5 2 7) :
21323

‘1323 }223 }213

‘1323 }223 }213
27 k7l ks

271 |57

46-91 14-115 65—4j

adjA =

=[117-184 92-18 52-16
56-18 45-28 8-40
45 —101 61\ T
=|-67 74 36
38 17 -32/
_45 —67 38
=|-101 74 17 |.
61 36 -—32/
—45
Al = (4,8, 9)(—101J = 180 — 808 + 549 = —4309.
61

45/439 67/439 -38/439
Hence At = | 101/439 —74/439 —17/439
—61/439 -36/439 32/439

As | said earlier, this nice neat formula is not

efficient computationally. The following is the one that’s
normally used in practice. If A is an n x n matrix we
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adjoin the n x n identity matrix to the right of A and so
consider the n x 2n matrix (A | I). We now transform A to
the identity matrix using only elementary row operations.
Of course, if A is not invertible this won’t be possible and
we’ll get a row of zeros in the left half. This will alert us
to the fact that A~! doesn’t exist.

Every elementary row operation is carried out on
both halves of the array, so that whatever is done to A is
donetol. Once | appears in the left half of the array, the
inverse A~ will appear in the right half.

The reason why this works is very simple. If Ey, E,
..., Ex are the matrices of the elementary row operations
that transform A to | then:
Ek ... E2E1A =1, so that:
Ek E2E1 = A_l.
If B is the matrix that appears in the right half of the array
at the end then Ey ... EE;l =B and so B=A™".

(AID—> (AT

341
Example 21: Find the inverse of the matrix A = (0 5 —1}
237
by:
(1) computing the adjoint;
(2) by using the Gauss-Jordan reduction whereby (A|l) is
transformed to (1|A™2).
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/15-1] [0-1 05’\T
37 27| 123
Solution: (1) adjA = —é% g% _B’g
41| |31] |34
\ 5—1' ‘0—1' (05 y,
38 —2-10\T (38 -25-9
=|-25 19 —1J :(—2 19 3)
-9 3 15 ~10 -1 15
5-1 0-1| |05
|A|‘3‘37 ‘4‘27 *123
= 3(38) - 4(2) - 10
=114-8-10
= 96.
1(38 —25—9)
SoAt=gs| -2 19 3 |
~10 -1 15
341[100 11-6/10-1
(2)(25—1|010)—>@5—1|01 oj
37001 37/001
11-6|1 0-1 11-6]1 0-1
- 05—1|010j—>(0119|—20 3)
0119]-20 3 05-1/010

|01 19 |-20 3
00 -96|101-15

11—6|1o—1j
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»[0119] -2 0 3
00 1|-10/96-1/96 15/96
(1 10| 36/96 —6/96 —6/96

(11—6| 1 0 -1

—[010| -2/96 19/96 3/96
00 1|-10/96 —1/96 15/96

(1 0 0| 38/96 —25/96 —9/96]
SO

—|1010]| -2/96 19/96 3/96
00 1|-10/96 —-1/96 15/96
38 -25-9
a1
A —96[—2 19 3].
-10 -1 15

You’d be correct if you felt that the adjoint method
involved less computation, and so you should use the
adjoint method for finding the inverses of 2 x 2 and 3 x 3
matrices. But for 4 x 4 matrices and larger there’s less
work if you use the (A|l) method, and the larger the matrix
the more dramatic is the difference. A computer would be
hard put to invert a 100 x 100 matrix (such large matrices
do arise in certain engineering applications) but it could
cope easily doing it by the (A|l) method.
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85.8. Upper and Lower Triangular

Matrices
The diagonal of a matrix is the one that goes from

the top left. Its components are of the form ajj. If the
matrix is square this diagonal will reach the bottom right
hand corner. We’ll consider here only square matrices.

A diagonal matrix is a square matrix where every
component above or below the diagonal is zero. So A =
(aij) is diagonal if a;; = 0 whenever i # j. Some or all of the
diagonal components can also be zero. Special examples
are the zero matrix and the identity matrix.

So a diagonal matrix has the form

ds 0 ... 0
0 (o PR 0
0 0 ...... dn

Sometimes we write this as diag(di, da, ..., dn).
Clearly the sum, difference and product of two n x n
diagonal matrices is again diagonal.

Example 22: If A = diag(as, a, ..., ak) and

B = diag(bs, ba, ..., bk)

then A + B =diag(a; + by, a; + by, ..., ak + bk),
A —B = diag(a; — b;, a; — b, ..., ak—bk) and

AB = diag(aibi, azb,, ..., akbk).
In particular, if m is a positive integer, the m’th power of

A'is = diag(a:", a,", ..., ak").

208



If each aj # 0 then A is invertible and
A7l =diag(a;t, ax?, ..., ak?).

An n x n matrix A = (ajj) is upper-triangular if ajj = 0
when i > . This means that the components below the
diagonal are zero.

The matrix A is lower-triangular if a; = 0 when i <}, that
IS, the components above the diagonal are zero.

Example 23: A 4 x 4 upper-triangular matrix has the form

&, 8, 83 dy
0 &, ay ay . )
0 0 a, a, and a 4 x 4 lower-triangular matrix

0 0 0 a,

a, 0 0 O
a, a, 0 0
has the form a, a, a; 0

a‘4l a42 a43 a'44

It’s easy to see, by expanding along the first row
(for lower-triangular matrices) or down the first column
(for upper-triangular matrices) that the determinant of a
triangular matrix (upper or lower) is simply the product
of the diagonal components.
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If A and B are n x n upper-triangular matrices then so are
A + B and A — B. It’s not difficult to see that AB is also
upper-triangular.

It’is also true that if the diagonal components of an upper-
triangular matrix A are non-zero then A is invertible and
A1 is upper-triangular. The easiest way to prove this is
by induction, using partitioned matrices. Similar results
hold for lower-triangular matrices.

If Aisan n x n matrix and O < r <n, then we may

: B C : :
represent A in the form (D E) where B is the r x r matrix

consisting of the components in the first r rows and
columns. C, D, E are defined similarly. Ifs=n—-rthenC
isrxs,DissxrandE iss xs.

We say that such a matrix has been partitioned.

: B Cij (Bz Cj ..
If two n x n matrices (Dl E and D, E,) &€ partitioned

in the same way (that is, with the same r, s) then:
(Bl Clj 4 [Bz Czj [Bl +B, Ci + Czj nd
D; E; D, E, D:+D, E;1+E>

(Bl Clj + (Bz Cz) (Ble + C.D, B:C, + C1E, J
D, Ex D, E; D.B, + E;D; D:1C, + E{E

In other words you multiply partitioned matrices as
if the matrix components are just ordinary numbers. But
you should assure yourself that all the individual products
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are defined and that the overall product is partitioned in
the same way as the partitioned factors.

Suppose B; and By arer x r,and Cy is r x (n—r) while D,
IS (n—r) xr. Thus C,D; is defined and is r x r and so can
be added to B;B,.

Theorem 24: If A = (g’ CE:) Is an invertible partitioned

: _ B! -BCE"?
upper-triangular matrix then A=t = ( 0 E-1 j :
B Cj [B‘l —~ B‘1CE‘1] _ (| ~CE*+ CE‘lj

0 E/JLO E? —\0 I

Sometimes we have to solve systems of the form
Av = b where we have the same A and many b’s. The
steps in the Gaussian algorithm that reduce the matrix to
echelon form would be the same in each case, resulting in
lots of repeated calculation. One way to avoid this
inefficiency is to put all the constant vectors into a single
matrix and so solve all the systems at the same time.

Proof: (

2X+3y+2z2=7
Example 24: Solve the systems SX +y +4z =36 and

X+7y+z=1
2x+3y+22=-1
5x+y+4z=—25}.

Xx+7y+z=31
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2
Solution: The augmented matrix is |5
3

5 1 4|36 -25| > |1 -5 022 -23
3 7 11 31 1 -1-6 32

R, - 2R, Rs — Ry

3
1
7
2 3 2|7 -1 2 3 J

1 4 -1|-6 32
-2 3 2|7 -1
1 -5 0|22 -23

Rl(—) R3, Rz(—) R3

1 4 -1/-6 32

5|0 -5 4|19 —65
0 -9 1|28 -55

R, - 2R, Rs —R;

2|7 -1

4136 -25].

111 31

1 4 -1 -6 32
—-|0 -5 4119 -65
0O 1 -7(-10 75
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1 4 -1/ -6 32
0 -5 4|19 -65
1 4 -1|-6 32

—10 1 —-71-10 75| R3+5R,
0 0 -31-31310
1 4 -1 -6 32

—|0 1 -7|-10 75 | Rs3=(-30).
00 1|1 -10

We can use back-substitution or continue till the left hand
matrix is the identity. Either way we get the solution:
X =7,y =-3,z=1for the first system and
x=2,y=5,z=-10 for the second.

Often, however, we don’t know all the constant
terms at the same time. The constant terms might arise
from daily readings of some instrument. In this case, if the
matrix of coefficients, A, was square, and invertible, we
could find A~ once and every day we’d simply calculate
A-b.

But, if A is not square, or perhaps square but not
invertible, we’d have to go about it quite differently. In
this case we factorise A as A = LU where L is a square
and invertible lower triangular matrix and U is an upper
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triangular matrix. The method is known as the LU
method, but in fact we’ll be writing A = E~U, where L =

EL, but the name ‘E~U method’ doesn’t sound as good
as the LU method!

Theorem 25: Every matrix A can be factorised as A =
E-'U where E is invertible and lower triangular and U is
an upper triangular matrix.

Solution: Suppose A is m x n. Then adjoin the m x m
identity matrix to the right of A and use elementary row
operations until A is in echelon form. Let U be the left
hand matrix and let E be the right hand matrix.

Being an echelon form, U will be an m x n upper-
triangular matrix and E, being the product of the
elementary matrices corresponding to the elementary row
operations, will be an m x m invertible matrix.

Since the same set of elementary row operations
transforms A into U as transforms | into E, we have EA
= U. Hence A = E'U.

Corollary: Every matrix A can be factorised as A = LU
where L is an invertible lower-triangular matrix and U is
an upper triangular matrix.

Proof: Put L = E™L. Clearly L is invertible. It remains to
show that L is lower-triangular. This follows from the
fact that the inverse of an invertible lower-triangular
matrix is lower-triangular.
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It should be pointed out that these factorisations are not
unique. They depend on the particular sequence of
elementary row operations that we choose.

But how does this help us to solve lots of systems of linear
equations with the same matrix of coefficients? Suppose
we want to solve Av = b, with lots of different b’s. We
carry out an LU factorisation once, getting A = EU as
above. Then the equation becomes E*Uv = b, which
gives Uv = Eb. So for each b we carry out matrix
multiplication to find Eb and then use back-substitution
to solve Uv = Eb. The fact that U is upper-triangular
makes this easy.

Example 25: Let A = 6 -4 11 =10 6

=6 8 -21 13 -9

(i) Write A in the E7tU form;
1

-2
(ii)Ifb=1| g |, solve the system Av =b.

-15
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Solution:

-2 010

2

0 01

—2 4

7
-17

-2

-7

O O O
O O +H O
O +4 O O
— O O O
= 5 e 9
< 03

—
_5_1
—i
512
2_1_
f|__3A__.8
@ o ©

~

Nk

— |0

R. + Ry, R3 — 2Ry, Ra + 2R,

1

1

-1

-3 01

1

-3
4
-8

0 2

-1 3

2

0
0 O

—4|-1

%

Rs:+ Ry, Ry — 3R>

1

1 1

-1
-3

-1 2 1

-3 1 -1

4
0

0 2

-1 3

0 2

0
0

0

—>

R4 + 2R3
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3 -1 2 -4 1 1 0 00
0 2 -3 1 -1 1 1 00
SoU=|g o 4 -1 g|aME=| 1 1 1 ¢
00 0 0 2 3 -1 2 1
0 0/ 1 1
1 1 0 0] -2 -1
(IDEb=1_1 1 1 of| 9 |=
3 -1 2 1)l-15) (2

3 -1 2 -4 11

o 2 -3 1 -1|-1
(UIEP)=10 0 4 -1 3|6

O 0 0 0 2|2
By back-substitution we get

3+Kk

Xs=1,X =K 4x3=6+k-3=3+k soxs=",—,
3+Kk 9—-k -k
2x2=—1+3(Tj—k+1=T,sox2=T,
9— 3+Kk -3+ 27k
3x1-1+(8j—2(4j+4k—1— ) ,
9% -1

SO X1 = 8 .

We can summarise the E-*U method as follows:
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(Al —>(UJ|E)
To solve Ax = b, solve Ux = Eb.

EXERCISES FOR CHAPTER 5

éi 0198

Exercise 1: Let A = ,B=[2468|,Cc=(625),
56
78 5310

87
D= (6 5) '
Find, where they exist: (i) A+ AT, (ii)D-DT;
(i) 2B; (iv) AD; (v) AB;
(vi) BA;  (vii) AAT;  (viii) ATA;
(ix) CBA; (x) (ATA)? - 1000D.
1 2 3
4 1 2
Exercise 2: Find 3 4 1 by:

P N W B

2 3 4

(i) the First Order Expansion;

(i) the Second Order Expansion;

(iii) simplifying using elementary row and column
operations.
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111
Exercise 3: Find the inverse of A = & 2 4) by
39
(a) the adjoint method;
(b) the (A|l) method.
Check your answer by multiplying A by your inverse.

1234
) . i 0156
Exercise 4: Find the inverse of 0017
0001
Check your answer.

Exercise 5:
(i) Prove that if A = BBT for some matrix B then A is
symmetric.
. : ab) . .
(if) Prove that if A = (b d) Is a 2x2 real matrix then
A = BB for some real matrix B if and only if
a>0, b>0andad-b?>0.

Exercise 6:
2 -1 2 -13[/1000
4 1 6 -58|0100
LetA=15 _10 -4 8 -5(0 0 1 0
2 ~13 -6 16 -5/0 0 0 1
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1

2
Write A in the E~*U form and hence solve Av = 3

4

SOLUTIONS FOR CHAPTER 5

Exercise 1: (i) undefined; (ii) (_0 _1j :

10
0 2 1816 ig 4111
(iii) | 4 12 6 16 |; (iv) : (V) undefined;
bl 76 65
04 89
5 1117 23
. igg gg ~ |11253983 | (84 100]_
(i) 1o as ) (Vi) | 173961 83 |+ (VD100 120/
35383 113

9056 13400)

(ix) (919, 1012); (x) (14400 19400,

Exercise 2: (i)

N Wb
w b~ EFEP DN
A P DD W
P N Wb
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3 4 2 3 4 1 3 4 1 2
2l 931 20+313 4 2_4|3 41
1 2 41 2 31 2 3 4

A w &
_
w
N DN
+
w
w N W
W B~
|

4 > 4

-4 13 4 |2 4 "9 3‘

= [-7 — 2(=2) + 3(13)] - 2[4(~7) — 2(~1) + 3(10)]
+3[4(=2) — (~1) + 3(1)] - 4[4(13) — 10 + 2(1)]

= 36 — 2(4) + 3(-4) — 4(44)

=36-8-12+176

= _ 160.

1

(if)

~ P DN W
P N WO D

w &~ P DN

N Wb

12011 20 13142 |1 4l8 1
4 14 1174 23 1l Tla 33 4
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23H

+‘1 2

3 2
2 1

2 413 1
— . +
1 312 4

= (=7)% - (-10)(-2) + (-13)(13) + 1(-1) — 2(10) + 12

3
2

4 13 4
32 3

=49-20-169-1-20+1=-160.

A PN

(iii)

N Wb

3

P N W

4

N W b

1

10 10 10 10
4 1 2 3
3 4 1 2
2 3 4 1

Ri1+ Ry, Ri+Rs3 Ri+ Ry

=N e

10

=N W e

1
1
4
3

N W s~

4
R1+10

1 0 O
4 -3 -2
3 1 -2
2 1 2

10
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-1
-1
-1

C—-C,C3-C, G- Cy



3 2 1
=-10 1 -2 expanding along R;
1 2 -
3 2 1
=10 -2 - R:—Re
0 4 O
3 1
=40 1 expanding along R3
= 40(-4)
= —160.

This determinant is an example of a cyclic determinant,
whereby each row is the same as the one above, but
shifted one column to the right, with the last entry moving
back to the first. There’s a very easy way to evaluate such
determinants using eigenvalues and eigenvectors. These
will be discussed in a later chapter.
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Exercise 3:
24 ’14 ’12 T
39 19 113 6 -5 1\T
) 11 11 11
(a) adjA = ~l39| |10| |13 =|-6 8 -2

11 |11] |11 2-31
}24 ‘M4 12
6 -6 2
=(—5 8 —3j
1 -2 1
6
A= (1, 1, 1)(—5) =2,
1

_116—62
SOA:§—58—3.

1 -2 1
111|100\ (111

(b)|124/010|-|013
39

001 028
111
—|013

002
111

—|013
001

100
~110| (R,—Ry, Rs—Ry)

-10
100

—11.0) (Rs — 2Ry)
1-21

100
110 (Rs=2)

Yo 1%

224



110 1/2 1 -1/2
—|(010 -5/2 4 -3/2
001 1/2 -1 1/2
100 3 3 1
—|(010 -5/2 4 -3/2
001 1/2 -1 1/2

3 31
Hence At =|-5/2 4 -3/2|.

1/2 -1 1/2

Exercise 4:
123411000
0156/0100
0017(0010|
00010001

1200
0100

10-317
01-529

(R1—Rs, R1 — 3Rs)

(Ri—Ro)

1230(100-4
0150/010-6
0010/001-7
0001'000 1
(Ri — 4R, R, — 6R4, Rs — 7R1)

—> (Rl — 3R3, Rg — 5R3)

0010
0001

001 -7
000 1

1000|1
0100|0
0010|0
000110
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So the inverse is

Exercise 5: (i) AT=(BB")'=B""™B"=BBT=A,s0 A is
symmetric.
. ab) . .
(i1) Suppose that A = (b d) Is a 2x2 real matrix and
A = BBT for some real matrix B.
Since |A| = |B|.|BT| = |B|* we must have ad — b? > 0.

_(ef ab) (ef egj_(e2+f2 eg+fh)
IfB_(gh) then(bd)_(gh)(fh =leg+fh g2+

andsoa>0andd>0.

Now suppose that a >0, d >0 and ad — b?> 0.
Let A = (g gj = BBT where B = (g D and e, f, g, h are
real.

e2+f2eg+fh

ef)(e
Then A =BB' = (g h) (f hj - [eg +fhg? + hzj >0
e2+f2=a
eg +fh= b} _
g2 +h%2=d
We must show that this system has real solutions.
Since we have 3 equations in 4 variables there’s a chance

that if we choose one of the variables to be zero we’ll still
get a solution.
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f2=a
Lete=0. The equations reduceto  fh=Db } :
g>+h?=d
Suppose a=0. Then f=0and, since ad — b? > 0 we must
have b<0andsob=0.

If a = 0 then the fact that ad — b? > 0 means that b? < 0,
and the fact that b is real means that b = 0.

. (00 . _(00) .
So in this caseA—(O d)' Since d > 0, B—(O \/d) IS a

real matrix with BB = A.
Suppose now that a > 0.

Here we have f = Va and h = %. It remains for us to
substitute into the equation g? + h? = d and solve for g.
b2 ad — b?

H H 2 4 — — 2 —
This gives g- + a—d and so g° = a

: ) ad — b?
Since ad — b*>0and a> 0 we may take g = _—

0 ~a

LetB = ad—b*> b |. ThenBB"=A.
Ve \a

Exercise 6:
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2 -1 3|1 000
-58(01 00

6

-1

1
-10
—-13

-4 8 -5|0 0 1 0
-6 16 -5/0 0 0 1

2
2

J

o O O «i
O O 1 O
O 4 O O
ST
m o PD
TV e
SR
T oo
AN O o

— |0

R2—2Ry, R3— Ry, Re—R:

0 0O
-2 1 00

1

-9 4 0 1

-1 2 -1 3
-3 2

2

0 3 2

0O 0 0 5 O

-0 0 0 0 -2|-7 3 10

Rz + 3Ry, R4 + 4R,

0
-2 1 00

-9 4 01

3

-1

-1 2
0 3 2

2

-3 2

5 0

-2|-7 3 10

R4 + 2R3

0O 0 0 O

-0 0 O
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2 -1 2 -1 3 1 0
0 3 2 -3 2 -2 1
SoU=|g 0 0 5 o |adE=|_9g 4
0 0 0 0 -2 ~7 3
1 0 0 0)/(1 1
-2 1 0 0|2 0
Eb=1_9 4 0 1([3|=|3]
-7 31 0)l4 2
2 -1 2 -1 31
0 3 2 -3 2]0
(UIED) =19 o0 0 5 03
0 0 0 0 -2|2

I 3
By back substitution, xs = -1, X4 = 51 X3 = K,

9 19 — 10k 19 — 10k
e=—-2k+g +2= 5 SOX2="15
19 — 10k 3 88 — 40k
88 — 40k
X]_: 30 .
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